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The excess free enthalpy of quasiternary systems of type M (X, Y, Z) with two sublattices, a mixed 
one (X, Y,Z) and a pure one (M), will be described in two ways: (1) by the interaction parameters of 
the three subregularly treated quasibinary subsystems and by one ternary parameter, and (2) by the 
cluster energies of 10 pyramidal clusters.

It is shown that, for the spinodal miscibility gap in the special system Pb (S, Te, Se), both versions 
yield satisfying accordance of experiments and calculated results.

1. Introduction

In several recent papers relationships between 
properties of a ternary system and its three binary 
subsystems were discussed on a phenomenological 
level [1, 2, 3], In this paper, we will use a microscopic 
cluster model based on four particle interactions, i.e. 
on interactions between one particle of the pure 
M-sublattice and three particles of the mixed XYZ- 
sublattice. Due to these pyramidal clusters our model 
can be applied to octahedrally, i.e. Pb(S,Te, Se), as 
well as to tetrahedrally coordinated quasiternary one- 
phase systems, as for example to As(Al,Ga,In) or to 
Te(Zn, Cd, Hg).

We will show that, for the case of random distribu­
tion within the mixed sublattice, the expression for the 
excess free enthalpy of the quasiternary solution can 
be splitted into contributions from the three subregu­
larly behaving quasibinary subsystems and an addi­
tional contribution described by a ternary interaction 
parameter. For an ideal cluster mixture, the standard 
chemical potentials of all but one cluster can be esti­
mated from the temperature dependent interaction 
parameters of the quasibinary subsystems. It is only 
the value for the "ternary" cluster MXYZ, with 
X /  Y ^  Z, that has to be estimated from measure­
ments on ternary mixtures. Knowing all the cluster 
energies, the probabilities for the clusters can be calcu­
lated and then the configuration entropy of the cluster

Reprint requests to Prof. V. Leute.

mixture can be described as a function of the cluster 
probabilities. Thus, for an ideal cluster mixture the 
mean molar free mixing enthalpy can be calculated 
from the cluster energies.

For the special system Pb(St Te,Sem) we will calcu­
late the miscibility gap for spinodal demixing from the 
phenomenological expression as well as from the clus­
ter expression for the free mixing enthalpy. The inter­
action parameters needed for the calculations will be 
derived from data on the quasibinary subsystems.

The scope of a description of a real mixture by a 
cluster model is not restricted to calculations of ther­
modynamic properties such as the excess free en­
thalpy. Moreover, such a description has the advan­
tage of an atomistic model. It allows to calculate the 
probability of special atomic arrangements, as for ex­
ample pairs of equal particles on adjacent lattice sites. 
Thus, one can illustrate by this model, for example, in 
which way the equilibria between clusters have to 
change with composition and temperature to favour 
demixing.

2. Experiments

2.1. Initial Substances

The binary compounds PbS, PbSe and PbTe were 
synthesized from the elements (purity: Pb 99.9999%; 
S, Se, Te 99.999%) in evacuated quartz ampoules. All 
compounds were purified by sublimation in dynamic 
vacuum: PbS and PbSe at 1173 K, PbTe at 1023 K.

0932-0784 / 95 / 0200-0301 $ 06.00 © -  Verlag der Zeitschrift für Naturforschung, D-72027 Tübingen

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



358 V. Leute • Thermodynamic Excess Functions for Solid Solutions

Because of these preparation conditions, our samples 
have a composition corresponding to minimal vapour 
pressure.

2.2. X-Ray Measurements

To determine the lattice constant of the solid solu­
tion in dependence on composition, a set of powder 
mixtures of different mole ratios of the pure binary 
components was prepared. All samples, sealed in evac­
uated quartz ampoules, were homogenized for 6 hours 
at 1373 K. Subsequently, the temperature was lowered 
slowly down to 1073 K and then the ampoules were 
quenched to room temperature by dipping in ice 
water.

One part of these samples was homogenized by 
annealing at 1000 K for up to 150 days. An other part 
that were to be used to determine the region of 
spinodal demixing was annealed for equilibration at 
lower temperatures (800 < T/K < 973). In both cases 
the free volume of the ampoules was filled with a 
quartz rod to prevent any separation of the mixture by 
sublimation. To preserve the high temperature equi­
librium composition, the ampoules were quenched 
in ice water. Afterwards the samples were investigated 
by the X-ray Guinier method. Those samples that 
suffered a spinodal demixing during equilibration 
showed a twofold set of cubic reflections. The other 
samples, with a single sharp reflection pattern, were 
used to find a description for the composition depen­
dence of the cubic lattice constant a (/, m) covering the 
whole existence region of the quasiternary solid solu­
tion Pb(SkTe,Sem). For the quantitative description 
we use a polynomial with 8 coefficients:

a (l,m) = (A + B l)  + (C + D-l)m
+ (E + F-l)m2 + (G + H l m3 (1)

with

CoefT. A B C D E F G H

CoefT./pm 646.22 -33.63 -39.68 -29.45 -30.46 71.05 17.60 -36.46

To determine these coefficients, more than 100 sam­
ples, each with a homogeneous composition, were 
evaluated. The composition of most of these high tem­
perature samples was situated in that region (m < 0.4) 
of the phase triangle where, at lower temperatures, a 
spinodal miscibility gap is to be expected.

The polynomial (1) was used to obtain information 
on the equilibrium compositions of those samples that

separated by equilibration into two solid solutions 
of different composition. Additional information was 
obtained from measurements by an electron micro- 
probe. Because of the formation of narrow lamellas 
during spinodal decomposition, the accuracy of the 
measurement of the composition of the two solid solu­
tions is not good enough for an exact quantitative 
determination of the tie lines. But the measurements 
with the electorn microprobe show that, on the aver­
age, the selenide mole fraction m is somewhat higher 
on the PbS rich side than on the PbTe rich side of a 
tie line. Therefrom we know that the real tie lines will 
show a small negative slope, which is the higher, the 
higher the selenide mole fraction of the overall compo­
sition of the equilibrated sample (Am < 0.03).

To determine approximate values for the spinodal 
miscibility gap, we neglect this small slope and take a 
tie line as a horizontal line through the point corre­
sponding to the overall composition of the equili­
brated sample. Then, knowing the selenide mole frac­
tion of this point, we can calculate the composition of 
the endpoints of this approximate tie line by means of 
(1) from the measured lattice constants. As the "iso 
lattice constant lines" run approximately at right an­
gle to the tie lines, these calculated equilibrium points 
must lie on the PbTe side somewhat above, and on the 
PbS side somewhat below the endpoints of the real tie 
line. Thus, the equilibrium curve for the spinodal mis­
cibility gap has to run on the PbS side somewhat 
above and on the PbTe side somewhat below those 
points that were determined from the lattice constants 
by use of the above mentioned approximation. In 
Figs. 1 (a)-(c) and Figs. 2 (a)-(c) these points are 
shown together with the tie line field and with the 
equilibrium curve that was calculated either from the 
experimentally determined interaction parameters of 
the quasibinary subsystems and one adjusted ternary 
parameter (Fig. 1), or by use of the cluster model 
(Fig. 2) that will be described in Sect. 3.2. Fig. 1 addi­
tionally shows the calculated spinodal curve separat­
ing the instable from the stable region.

3. Theoretical Considerations

3.1. The Mean Molar Excess Free Enthalpy

To calculate the equilibrium curve of a spinodal 
miscibility gap, the excess free enthalpy of the consid­
ered phase has to be known as a function of the com­
position.
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Fig. 1. Phase diagram of the quasiternary system 
Pb(StTe,Sem) with equilibrium curve for spinodal demixing 
at several temperatures: T = 823 K (a), 900 K (b), and 973 K 
(c). Full straight lines = tie lines between equilibrium points 
calculated from interaction parameters, dotted region = in­
stability region for spinodal demixing, © overall composi­
tion of equilibrated samples, * equilibrium composition de­
termined from X-ray measurements as described in Sect. 2.2, 
o composition of samples that are homogeneous after equili­
bration.

By definition, regular quasibinary systems 
M(X1_J,Yy) are systems in which the excess entropy 
can be neglected. Thus, the excess free enthalpy is 
equal to the excess enthalpy expressed by an interac­
tion parameter aXY that may depend on the mole 
fraction y of the component MY:

3M(XY) ~ M̂(XY) = (1 -  y) y ' a\Y 00 • (2)
A regular quasiternary system M (Xk Y, Z J  is correlated 
to three such quasibinary subsystems MCX^Yy), 
M(Y!_zZz) and MCZ^^XJ. The mole fractions for 
the binary components MX, MY and MZ in the

quasiternary system are k, /, and m, those in the quasi- 
binary subsystems are x, y, and z. The simplest expres­
sion for the mean molar excess free enthalpy of a strict 
regular quasiternary system is [4]

gE = k I aXY + I m aYZ + mk azx. (3)

Often, an additional ternary term klm aXYZ is 
added to the three terms of (3) [5].

By extrapolation onto one of the quasibinary edges 
of the phase triangle, the expression for the excess free 
enthalpy of the quasiternary system, (3), changes to 
the corresponding function (2) of the quasibinary sub-
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Fig. 2. Mean molar free mixing enthalpy gm (k, I) for the qua­
siternary system Pb(StTe,Sem) with projection of the 
spinodal miscibility gap and the tie line field onto the phase 
triangle for several temperatures: T — 800 K (a), 873 K (b), 
and 923 K (c). The #m-face and the tie lines were calculated 
from cluster energies, o overall composition of equilibrated 
samples, * equilibrium composition determined from X-ray 
measurements as described in Section 2.2.

system concerned. Thus, the interaction parameters in 
(3) are identical with those determined for the quasi- 
binary subsystems.

In a somewhat other description a given ternary 
composition (k, I) can be characterized by correspond­
ing binary compositions in such a way that the ternary 
mole fractions of the components A and B show the 
same relation as the binary mole fractions of the same

components (A,Be {MX, MY,MZ}); e.g. for the sys­
tem M(Z1_„XJ:

x = k/(l — I); 1 — x = m/(l — I). (4)

With these relations the mean molar excess free en­
thalpy gE of a quasiternary system, described by (3), 
can be given as weighted sum of the ötm(AB) functions
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of the quasibinary subsystems [6, 7]:

gE = (1 -  m)2 (XY) (y) + (1 -  k)2 (YZ) (z)

+ ( l - 0 2^ (zx)W- (5)
If the ternary gE function is known, the activity 

coefficients that are needed for the calculation of the 
chemical potentials of the quasibinary components 
(Mi = + R T\n xt + R T ln yf) can be derived:

+ (8)

3.2. The Cluster Model

3.2.1. D escrip tion  of P y ram ida l C lu ste rs

A justification for a special form of the gE function 
and for the dependence of the interaction parameters 
on composition can be derived from a cluster model 
describing the energy relations on an atomic scale. We 
will use four-particle clusters to describe the thermo­
dynamics of solid solutions with a pure M lattice and 
a mixed anion lattice consisting of three different an­
ions X, Y and Z. The basic clusters are threesided 
pyramids with three particles of one sublattice at the 
base plane and one particle of the other sublattice at 
the apex of the pyramid [8]. These clusters can be used 
for the description of tetrahedrally coordinated lat­
tices such as zincblende (ZB) or wurtzite (WU) as well 
as for the octahedrally coordinated lattices such as the 
rocksalt lattice (RS). Depending on the lattice type L, 
a number / L of clusters have always one common M 
particle.

/zb = /wu = 4; As = 8. (9)

In Table 1 the 10 differently composed clusters are 
listed together with the degeneracy ßt of the given

cluster type i. In the representation of the clusters the 
specification of the M particle is omitted.

3.2.2. E nerg ies and P ro b a b ilitie s  
of C lu ste rs

If the energies e{ and the probabilities ß.y,- of all 
clusters with M at their apex are known, the molar 
energy of the solid solution M(XfcY,Z(1_Jk_I)) can be 
calculated by

10
£ xyz = n a / l H  eißi)>i- (10)i= 1

Alternatively this energy can also be expressed by the 
energies of those pyramidal clusters that have an X, Y, 
or Z particle at their apex:

(11)
^m = / l  [k £xmmm + ' symmm + (1 ~  & ~  0 ̂ zmmmI •

With the concept of molar averaged cluster energies [8]

(.Ei) = 2 ^a [£i + 3 exmmm + tf ßymmm + £zmmm)]
(12)

(tf is the number of S particles in a cluster of type i 
with Se{X,Y,Z}), both ways of description can be 
combined. Thus, the molar energy of a solid solution 
crystallizing with lattice L is given by

10
EL = A J l< E i}ßiyi. (13)

i= 1

Within the scope of the random distribution as­
sumption, the occurrence probability of a cluster of 
type i is determined by the probabilities that given 
sites in the randomly mixed anion sublattice are occu­
pied by X, Y, or Z. In this case, the individual cluster 
probabilities y; can be calculated easily from the mole 
fractions k and /:

yt =  V ? r 7 ( l - k - l f ? .  (14)

If the sum in (13) is evaluated, one obtains a 
polynomial equation with terms kalbQab, where 
a,be {0,1,2,3} and a + b < 3 [9]. The Qab terms repre­
sent linear functions of the cluster energies.

361

Table. 1. Representation of clusters.

No. i 1 2 3 4 5 6 7 8 9 10

Cluster j XXX XXY XYY YYY YYZ YZZ ZZZ ZZX ZXX XYZ

ßi 1 3 3 1 3 3 1 3 3 6
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£ L is taken as approximately equal to the mean 
molar enthalpy of the quasiternary mixture:

EL*h(k,l) = h0(k,t) + hE(k,I). (15)

The mean molar standard enthalpy h0 {k, 0 of the 
quasiternary solid solution can be described by those 
Qab terms that refer to the pure binary components, 
i.e. by those that contain at least one 0 in their index:

h0(k,l) = kh(l,0) + lh(0,l) + {1 — k — l)h (0,0) (16)

10 + ^oo)
+ /(ß03 + ß 02 + ß 01) + ( l - / c - / ) ß 0o] (17) 

= A(* <£i> + / <£4> + (1 -  fe -  0<£7» . (18)

It turns out to be possible to separate the mean 
molar excess enthalpy into four terms: three terms 
describing the behaviour of the quasibinary subsys­
tems and one term describing the very ternary interac­
tions:

hE(k,t) = h (k ,l) -h 0(k,t) 
= kl[aXY + l ßXY] 

+ l(\ — k — I) [aYZ + (1 — fc — /) ßYZ] 
+ ( l-k - t )k [c c zx + kßzx] 
+ k i { i - k - i ) r .  (19)

Considering that regular systems do not show any 
excess entropy, (19) reveals the same structure as (3), if 
in the latter a ternary term is included. In (19) the 
terms enclosed in square brackets describe the interac­
tion parameters for the quasibinary subsystems. The 
equation shows that, for this model based on four 
particle interactions, the binary interaction parame­
ters depend linearly on the mole fractions. The inter­
action parameters are linear combinations of the aver­
aged cluster energies:
«XY = /L ("  2 <£i> + 3 <£2> -  <£4>), (20)
ßxY = / l« £ I>  ~ 3 <£2> + 3 <£3) -  <E4>), (21) 
«yz = A ( -  2 <£4> + 3 <£5> -  <£7>), (22)

0YZ = A(<£4> -  3 <£5> + 3 <£6> -  <E7» , (23) 
«zx = / l ( -  2 <£7> + 3 <£8> -  < £ ,» , (24)
ßzx = fA<E7> -  3 <£8> + 3 <£9> -  < £!» , (25)

r  = A ( - < £ 1> + 3<£2> - < £ 4> + 3<£5>
- < £ 7> + 3<£8> -6 < E 10» .  (26)

If the description is not to be restricted to regular 
systems, the interaction parameters have to be con­

sidered as temperature functions (a(T) = a — Ta, 
ß(T) — ß — T t [10]). In such cases the cluster energies 
also have to be taken as functions of the temperature. 
They can be identified with the standard chemical 
potentials of the individual clusters in an ideal mixture 
of pyramidal clusters [8]:

<£1(T)) = ^  = i f « - T S ° .  (27)

If both the interaction parameters and the stan­
dard free enthalpies of the pure binary components 
are known ( ^ ( M X ) ^ ^ ^ ) ,  g0 (MY) = / L <£4>, 
fif0(MZ) = / l <£7> [8]), then we have 10 independent 
equations from which the 10 cluster energies can be 
calculated. As the derivation of the set of equations 
(20-26) was based on the random distribution as­
sumption, the calculated cluster energies are good ap­
proximations only for those solid solutions that do 
not deviate too much from ideal behaviour.

The probabilities of the clusters are correlated by 
three balance equations:

10
= 1, (28)i= 1

\ 10
t  I  ßiyit? = k, (29)
J i=l
I 10
r  I  ßiyitj = i. (30)J i=l

Furthermore, two indepenent cluster exchange reac­
tions [11] are correlated to each of the three quasibi­
nary subsystems. For example for the system 
M(X1_yYy) these reactions are

2MXYY -» MYYY + MXXY, (r2)
2MXXY -  MXXX 4- MXYY. (r 3)

Moreover, one can formulate one independent addi­
tional reaction that includes the ternary cluster 
MXYZ, for example

2MXYZ -H- MXZZ + MXYY. (rlO)

In thermodynamic equilibrium the cluster probabili­
ties are determined by the standard free enthalpies 
AriG0 of the set of 7 independent cluster reactions. 
Each of the AriG0 terms is composed of the averaged 
cluster energies <£, (T)> according to the stoichiomet­
ric coefficients vf of the clusters i in the exchange reac­
tion (r i):

4 ,  = I  v,. <£,-> = -  R Tin n (ßi y,)Vi • (31)
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With these 3 balance and 7 equilibrium equations 
the probabilities of all clusters can be calculated in 
dependence on the cluster energies and on the compo­
sition.

3.2.3. C o n fig u ra tio n  E n tropy  
of a C lu s te r M ix ture

To calculate the configuration entropy we will fol­
low arguments of Kikuchi [12] and Ziman [13]. The 
applied procedures are totally equivalent to those de­
scribed in [11].

With Nl  as the number of lattice sites per sublattice, 
the number of distributions of independent pyramidal 
clusters would be

io 02)
with {ax.y>z} = n  [(y^)!]*.e X,Y,Z _ N.I

(ax,y,z)
The real number of distributions for a mixture of edge- 
linked pyramids with M particles at their apex is much 
smaller. The correction factor, calculated by use of the
"pseudo assembly" concept [13], reads as follows: 

........ -
{•} = (feNL)!(/NL)![ ( l- fc - /)N J ! . (33)

zL is the number of pyramids that have a common X, 
Y or Z particle (zRS = 24, zZB = zwu = 12).

With this correction factor we obtain the following 
expression for the molar configuration entropy of an 
ideal mixture of pyramidal clusters: (34)

4 u„ r  = f l n ( e ? ^ z O  = ln N A ^ f N A 1- ^ '
l v m ;  \ { <

By application of Stirling's approximation (ln(y!) = 
y ln (y) — y) the molar configuration entropy can be
described as

s:cluster -ideal . „excess conf ĉonf ' ĉonf
with

and

sexcess conf

«conf1 = — R\n[kk ll(1 — k — /)(1_k_I)] 

— zLln[/ck/'(l — k — l){1~k~l)]

(35)

(36)

(37)

This second part of s?0unsfter describes the additional 
entropy that results if the clusters have different ener­

gies, i.e. if the X, Y and Z particles are not randomly 
distributed.

3.2.4. The M ean M olar F ree E n th a lp y

If the cluster probabilities and energies are known 
as functions of temperature for a given composition, 
the mean molar free mixing enthalpy for a qua- 
siternary solid solution of this composition can be 
calculated:

9m(k,l) = gE- T 4 d„enaf' = 0o,uster- 9 o M - T C „ r  (38)

with

i= 1
and

(39)

(40)
g0 (k,l) = k no (MX) + / /i0 (MY) + (1 -  k -  0 Ho (MZ).

The cluster probabilities have to be calculated iter- 
atively by solving for each composition a nonlinear 
system of 10 equations. The gm(k,l) values are calcu­
lated in steps of 0.01 in k and I over the whole phase 
triangle. To determine the equilibrium tie lines for 
spinodal miscibility gaps, the three equilibrium condi­
tions between the chemical potentials of the binary 
components also have to be solved iteratively. The 
positions (') and (") on the gm (k, /) face at which the 
activity coefficients are to be determined by numer­
ical derivation, are calculated for each iteration step 
by bicubic spline interpolation using the tabulated 
0m (M  grid.

4. The Solid Solution PMSfcTe.Se,^.,)

4.1. The Quasibinary Subsystems

(a) The system Pb (Tex _z Se2) behaves nearly ideally. 
Its interaction parameter (Table 2) was calculated by 
Laugier [14] from experimental data measured by 
Steininger [15] and Grimes [16].

(b) The interaction parameters for the system 
Pb(S1_yTey) were determined in [17]. They are listed 
in Table 2.

(c) In connection with this work we determined the 
interaction parameters for the system Pb(Se1_;cSx) 
from the liquidus solidus data having been measured 
by Strauss and Harman [18]. Table 3 shows the fusion 
data of the binary components that we used for this 
calculation. The data for the azeotropic point 
(Taz = 1349 K, xaz = 0.34) that we derived from the
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Table 2. Interaction parameters of the quasibinary subsys­
tems.

System a/(kJ/mol) c/[J/(mol • K)] ß/(kJ/mol) i/[J/(mol • K)]

Pb(Se, .^SJ 1.7 0 -0.8 0
Pb(S1_„Te),) 40.4 19.1 -11.6 -4.65
Pb(Te, _zSez) 6.5 0 0 0

Table 3. Fusion data of the binary components. 
Substance Af tf/(kJ/mol) 7>/K

Pbs 19.0 [19] 1386 [19]
PbSe 33.1 [20, 21] 1358 [22]

interaction parameters, are in good accordance with 
the azeotropic point of the experimental liquidus soli- 
dus curves in [18].

4.2. The Quasiternary System

4.2.1. C a lc u la tio n s  U sing In te ra c tio n  
P aram eters

One way to determine the spinodal miscibility gap 
in a quasiternary system is to calculate many tie lines 
between equilibrium points (') and (") by solving the 
system of the three equations that describe the equal­
ity of the activities for each of the three binary compo­
nents:

x; y\ = x'l y" with i e {PbS, PbSe, PbTe}, (41)

The activity coefficients yt can be calculated accord­
ing to (6)-(8), provided the excess free enthalpy gE (k, I)

Table 4. Standard formation enthalpies and entropies.

Substance PbS PbSe PbTe

A,tf°/(kJ/mol) 
J / S0/[J/(K • mol)]

-100.4 [23] -75.3 [24] 
5.4 [24] -4.6 [24]

-69.5 [24] 
4.6 [24]

is known. As long as the system can be treated as 
behaving regularly, an excess entropy has not to be 
considered and the free excess enthalpy of the qua­
siternary system is given by (19). Thus, besides the 
interaction parameters, known from the quasibinary 
systems (cf. Table 2), we still need the ternary interac­
tion parameter T. We start with an estimated value for 
this parameter, and then it will be varied until there is 
a good correspondence between the calculated fields 
of tie lines and the experimentally determined points 
of the phase diagram (Figs. 1 (a)-(c)). Following the 
arguments given in Sect. 2.2, we adjusted the parame­
ter T with the condition that on the PbTe side the 
equilibrium curve runs somewhat below and on the 
PbS side somewhat above the experimental points. A 
good accordance of the calculated equilibrium curves 
with the experimental points was obtained by the 
ternary parameter

r =  -7 .5  kJ/mol. (42)

4.2.2. C a lcu la tio n s  Using C lu s te r Energies

The standard enthalpies and entropies for the clus­
ters No. 1-4, belonging to the subsystem Pb(S,Te), 
were taken from [8]. To derive the other cluster ener­
gies from (22)-(25) and (27), we used the interaction 
parameters of Table 2 and the literature values for the 
standard formation enthalpies and entropies of the 
pure binary components listed in Table 4. The energy 
for the ternary cluster PbSSeTe was determined by 
fitting the calculated tie lines to the experimental 
points.

The calculated set of cluster enthalpies and en­
tropies is listed in Table 5.

In Sect. 3.2.2 it was explained that, in addition to 
the three balance equations, one needs the equilibrium 
conditions for 7 independent cluster reactions to cal­
culate the probabilities for all 10 clusters. In accor­
dance with previous definitions for the quasibinary 
subsystems [8], the following reactions were chosen as

Table 5. Cluster enthalpies and entropies.

Cluster (/) SSS SSTe STeTe TeTeTe TeTeSe TeSeSe SeSeSe SeSeS SeSS SSeTe
No. i 1 2 3 4 5 6 7 8 9 10

H° -12.55 -9.58 -8.78 -8.69 -8.66 -8.90 -9.41 -10.39 -11.47 -9.71kJ/mol
S°(,) -0.675 0.154 -0.008 -0.575 -0.575 -0.575 -0.575 -0.608 -0.642 -0.608J/(K • mol)
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I — >

C l u s t e r  p r o b a b i l i t i e s  in P b (S ,T e ,S e)

I — >

D i f f e r e n c e  P r o b a b i l i ty  in Pb(S ,T e,S e)

Fig. 3. Probability distribution at T = 900 K for the 10 clus­
ters of the quasiternary system Pb^TejSeJ at constant 
PbSe mole fraction m = 0.4. The numbers related to the 
curves correspond to the numbers of the clusters as given in 
Table 1. (a) absolute probabilities in dependence on the PbTe 
mole fraction /; (b) differences DP between probabilities in (a) 
and probabilities calculated with the random distribution 
assumption.

Table 6. Standard enthalpies and entropies for cluster reac­
tions.
Reaction (r 2) (r 3) (r 5) (r6) (r 8) (r9) (rlO)

— — -716 -2167 -270.8 -270.8 -4.2 -104.2 0.25 
J/mol
A S°---^ ------- 0.425 -0.950 0 0 0 0 0.6

J/(K • mol)

a set of independent cluster reactions. In this set, (r 10) 
is the only really quasiternary cluster reaction.

2 PbSTeTe PbTeTeTe + PbSSTE, (r 2) 
2PbSSTe -P bS S S  + PbSTeTe, (r3) 
2 PbTeSeSe PbSeSeSe 4- PbTeTeSe, (r 5) 
2PbTeTeSe -> PbTeTeTe + PbTeSeSe, (r6) 
2 PbSeSS PbSSS + PbSeSeS, (r8) 
2PbSeSeS PbSeSeSe + PbSeSS, (r9) 
2 PbSSeTe PbSTeTe + PbSSeSe. (rlO)

The standard enthalpies and entropies of these clus­
ter reactions, given in Table 6, were calculated from 
the cluster data of Table 5.

Now, the cluster probabilities can be calculated in 
dependence on composition and temperature by solv­
ing the set of the three balance equations (28)-(30) 
and the 7 equilibrium conditions, given by (31). Fig­
ure 3 shows the composition dependence of the cluster 
probabilities along a quasibinary section through the 
phase triangle.

If the cluster probabilities are known, the equilib­
rium tie lines for the spinodal miscibility gap can be 
calculated using (38) and following the procedures de­
scribed in Section 3.2.4. Figure 2 shows the g (fc, I) sur­
faces for some temperatures together with the projec­
tions of the tie line fields onto the phase triangle.

5. Conclusions

The good correlation between the experimentally 
determined equilibrium points and the miscibility gap, 
calculated from interaction parameters (cf. Fig. 1), 
shows that the assumption, that most of the data for 
the quasiternary system can be derived from the 
quasibinary subsystems, works very well. But, the cal­
culations do also show that the ternary parameter T 
must not be neglected if ternary spinodal demixing is 
to be described.

The comparison of the phase diagrams for different 
temperatures shows that with decreasing temperature 
the extension of the spinodal miscibility gap increases 
and the shape of the gap becomes more and more 
symmetrical, i.e. the critical point of demixing changes 
from XpbXe = 0.38, xcPbS = 0.62 at Tc = 1073 K to 
XpbTe ~ 0-32, XpbS ~ 0.32 at Tc = 800 K.

In Fig. 2, the tie line fields, projected from the gm- 
face onto the phase triangle, were calculated from
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much denser grids (Ak = Al = 0.01) than those shown 
in the figures.

The standard chemical potentials of the clusters 
No. 1-9 (cf. Table 1, Table 5 and (27)) correspond very 
well with the interaction parameters according to (20)- 
(25). But the standard values for the "ternary" cluster 
No. 10 in Table 5, as used for the calculation of gm, 
deviate distinctly from the values H°10 = — 9.05 kJ/ 
mol and Sx°0 = -  0.21 J/(K • mol) that are calculated 
from the interaction parameters on the basis of the 
random distribution assumption. But in both cases, 
the mixed cluster PbSSeTe is less stable than one 
would expect for an ideal mixture of the three bina­
ry Components ([tf^S + #LeSe + ^?eTeTe]/3 = -  10.2 
kJ/mol). This indicates the contribution of cluster 
No. 10 to the tendency of phase separation.

As to the cluster probabilities pt = ßtyh Fig. 3(a) 
shows that, at higher PbSe contents (m = 0.4), the sys­
tem Pb(SkTe, SeJ seems to behave very symmetrically 
with respect to the line of equimolar composition in 
PbS and PbTe. But a glance at the distribution of the 
difference probabilities in Fig. 3 (b) reveals that, never­
theless, there is still a distinct unsymmetry in the be­
haviour of corresponding clusters, i.e. of clusters with 
equal PbSe content. For example the probability of 
the cluster PbSSTe (2) shows on the sulfide rich side a 
much higher deviation from the ideal distribution 
than the probability of the corresponding cluster 
PbSTeTe (3) on the telluride rich side. Furthermore, 
both the cluster PbTeSeSe (6) and the corresponding 
cluster PbSeSeS (8) yield a distinctly smaller deviation 
from ideality on the sulfide rich side than on the 
telluride rich side. The absolute deviations from the 
ideal distributions, however, are always rather small 
(| A Pi | < 0.006), and moreover, the temperature depen­
dence of the probability distributions in the region 
800 < T/K < 1000 can be neglected.

The cluster reaction (r3) can be interpreted as the 
formation of a TeTe pair from isolated Te particles in 
a sulfide matrix [8]. The free standard reaction en­
thalpy for this process can be calculated from the 
values listed in Table 6 (AG(°r2) = —1.3 kJ/mol at 
T = 900 K). Compared to the other pairs, a TeTe pair 
in a sulfide matrix is by far the energetically most 
favoured pair in the investigated temperature region. 
Obviously, the lattice strain decreases distinctly if the 
relatively large isolated Te particles are situated on 
neighboured lattice sites. This effect is most expressed 
in a sulfide matrix, but even at a selenide mole fraction 
of m = 0.4 the probability of the relevant cluster type 
PbSTeTe (3) on the sulfide rich side is still increased 
compared to the random distribution in ideal mix­
tures (cf. Fig. 3(b)).

These investigations have shown that in quasiternary 
systems with one pure and one mixed sublattice one 
ternary interaction parameter is needed in addition to 
the interaction parameters of the three quasibinary 
subsystems to calculate the equilibrium values of 
spinodal demixing. With a model based on 10 differ­
ently composed pyramidal clusters one can show that 
approximate values for the cluster energies can be 
derived from the interaction parameters. Within the 
scope of this model the mean molar excess free en­
thalpy can be calculated and therefrom the phase 
diagram can also be derived. For the system 
Pb(SfcTe;Sem) both methods work very well, but the 
cluster model yields additional insight in the atomic 
arrangement of the solid solutions.

A cknowledgemen ts

Financial support of this work by the Deutsche 
Forschungsgemeinschaft and by the Fonds der 
Chemischen Industrie is acknowledged.

[1] Z.-C. Wang, R. Lück, and B. Predel, CALPHAD 1, 217 
(1990).

[2] Z.-C. Wang, R. Lück, and B. Predel, CALPHAD 15,235 
(1990).

[3] S.-D. Choi, CALPHAD 12, 25 (1988).
[4] I. Prigogine and R. Defay, "Chemische Thermody­

namik", VEB Deutscher Verlag für Grundstoffindustrie, 
Leipzig 1962.

[5] A. D. Pelton, Ber. Bunsenges. Phys. Chem. 87, 183 
(1983).

[6] F. Kohler, Mh. Chem. 91, 738 (1960).

[7] N. J. Olson and G. W. Toop, TMS-AIME 236, 590 
(1966).

[8] V. Leute, Ber. Bunsenges. Phys. Chem. 93, 548 (1989).
[9] M. Bredol and V. Leute, Ber. Bunsenges. Phys. Chem. 

90, 714 (1986).
[10] V. Leute, Ber. Bunsenges. Phys. Chem. 93, 7 (1989).
[11] V. Leute, J. of Alloys and Compounds 201, 245 (1993).
[12] R. Kikuchi, Phys. Rev. 81, 988 (1951).
[13] J. M. Ziman, Models of disorder, Cambridge University 

Press, Cambridge 1979.
[14] A. Laugier, Rev. Phys. Appl. 8, 259 (1973).



367 V. Leute • Thermodynamic Excess Functions for Solid Solutions

[15] J. Steininger, J. Appl. Phys. 41, 2713 (1970).
[16] D. E. Grimes, Trans. Met. Soc. AIME 233, 1442 (1965).
[17] V. Leute and N. Volkmer, Z. Phys. Chem. N. F. 144,145 

(1985).
[18] A. J. Strauss and T. C. Harman, J. Electron. Mater. 2, 71 

(1973).
[19] M. W. Chase, Jr., J. L. Curnutt, H. Prophet, R. A. Mc­

Donald, and N. Syvernd, J. Phys. Chem. Ref. Data 4, 
165 (1975).

[20] A. E. Petukhov, B. F. Kornev, and V. V. Colovchenko, 
Izv. Akad. Nauk SSSR, Neorg. Mater. 16, 358 (1980).

[21] V. Leute and H.-J. Koller, Z. Phys. Chem. N. F. 149, 213 
(1986).

[22] M. Shamsuddin and S. Misra, Scr. Metall 7, 547 (1973).
[23] R. D. Harrison, Datenbuch Chemie Physik, Vieweg, 

Braunschweig 1982.
[24] N. Kh. Abrikosov, V. F. Bankina, L. V. Poretskaya, L. E. 

Shelimova, and E. V. Skudnova, Semiconducting II-VI, 
IV-VI, and V-VI Compounds, Plenum Press, New York 
1969.


